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a b s t r a c t
Variation of the total mean curvature of piecewise smooth surfaces in Euclidean 3-spaces
under infinitesimal bending is discussed and reduced to a sum of line integrals of a rotation
vector field.
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1. Introduction
The mean curvature H of a surface S is an extrinsic measure of curvature that locally describes the curvature of an
embedded surface in some ambient space such as Euclidean space. More precisely, let S be a surface in Euclidean 3-space
with second fundamental form II(X, Y ). Fix a point M ∈ S, and an orthonormal basis X1, X2 of tangent vectors at M . Then
the principal curvatures k1,2 are the eigenvalues of the symmetric matrix
[IIij] =
[
II(X1, X1) II(X1, X2)
II(X2, X1) II(X2, X2)
]
If X1 and X2 are selected such that the matrix [IIij] is diagonal matrix, then they are called the principal directions. If the
surface is oriented, then one often requires the pair (X1, X2) to be positively oriented with respect to the given orientation.
G = det[IIij] = k1k2 is the Gaussian curvature. The mean curvature is the trace of the second fundamental form (or
equivalently, the shape operator) H = 12 tr[IIij] = (k1 + k2)/2.
If S is oriented, then the total mean curvature of S is given by the formula
H(S) =
∫
S
H(x) dS, (1.1)
where H(x) is the mean curvature of S at the surface point x.
The change of the total mean curvature is considered by many authors. The mean curvature integral of hypersurfaces in
multidimensional Euclidean spaces is discussed in [1,2]. The totalmean curvature of non-rigid smooth surfaces is considered
in [3]. It is proved that each flexible compact oriented boundary-free smooth surface in R3 preserves its total mean curvature
during the bending. Here we give the generalization of that consideration observing piecewise smooth surfaces in R3 under
infinitesimal bending. A nice generalization of a transformation from Euclidean space is given in the paper [4].
∗ Corresponding author.
E-mail addresses: vljubica@pmf.ni.ac.rs (L.S. Velimirović), marijamath@yahoo.com (M.S. Ćirić).
0893-9659/$ – see front matter© 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2011.03.037
1516 L.S. Velimirović, M.S. Ćirić / Applied Mathematics Letters 24 (2011) 1515–1519
2. The concept of infinitesimal bending
We give some basic facts about infinitesimal bending of surfaces. More information about infinitesimal bending of curves
and surfaces can be found in [5–8] and [9,10]. The behavior of some magnitudes under infinitesimal bending was checked
in [11,12].
Let a piecewise smooth surface S be given in the vector form
S : r = r(u, v), (u, v) ∈ D,D ⊂ R2 (2.1)
included in the family of surfaces
St : rt(u, v, t) = r(u, v)+ tz(u, v), (2.2)
where t ∈ (−1, 1), r0(u, v, 0) = r(u, v) and z is a continuous vector field.
Definition 2.1. The surfaces (2.2) are infinitesimal bendings of the surface (2.1) if
ds2t − ds2 = o(t),
i.e. if the difference of the squares of the line elements of these surfaces is of order higher than first.
The field z(u, v) is the infinitesimal bending field of the infinitesimal bending.
Definition 2.2. A bending field is trivial, i.e. it is the field of the rigid motion of the surface, if it can be given in the form
z = a× r+ b, where a and b are constant vectors.
Definition 2.3. A surface is rigid if it does not allow any bending fields other than the trivial one; if it does, the surface is
flexible.
Theorem 2.1 ([5]). A necessary and sufficient condition for the surface St (2.2) to be an infinitesimal bending is
dr · dz = 0, (2.3)
where · stands for the scalar product in R3.
Eq. (2.3) is equivalent to the following three partial differential equations:
ru · zu = 0, ru · zv + rv · zu = 0, rv · zv = 0. (2.4)
The following theorem is also a definition of the rotation vector field.
Theorem 2.2 ([5]). If z is a vector field satisfying Eq. (2.4), then there exists a unique vector field ywith the following properties:
zu = y× ru, zu = y× ru, (2.5)
where × denotes the vector product. y is called the rotation vector field.
We give a geometric interpretation of y: y(u0, v0) is the rotation vector of a rigid body attached to the surface S at the
point r(u0, v0) during the bending.
It is also possible to take y as a parametric surface. In this case y is called the instability surface of the infinitesimal bending.
If y is a constant vector, then the infinitesimal bending is trivial.
Definition 2.4. LetA = A(u, v) be the magnitude that characterizes a geometric property on the surface S andAt(u, v, t)
the corresponding magnitude on the surface St , which is an infinitesimal bending of the surface S. Then
δA = d
dt
A(u, v, t)|t=0 (2.6)
is called the variation of the geometric magnitudeA under the infinitesimal bending St of the surface S.
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3. Variation of the total mean curvature
Let us suppose that S is a piecewise smooth surface and presents the union of the smooth parts Sj, j = 1, . . . , n, i.e.
S =
n
j=1
Sj. (3.1)
Suppose that S is of positive orientation and has the following parametrization:
r = r(u, v) = (u, v, f (u, v)), (u, v) ∈ D ⊂ R2, (3.2)
where f (u, v) is a piecewise smooth function in the area D, consisting of smooth parts f (j)(u, v), (u, v) ∈ Dj ⊂ R2, where
Dj ⊂ D is a part of the (u, v) plane, corresponding to the part Sj of the surface S. The following will be valid:
D =
n
j=1
Dj. (3.3)
Let us denote by ∂Sj the border of the area Sj. Let it hold there that
cij = Si ∩ Sj, i, j = 1, . . . , n, i ≠ j, (3.4)
the part of the border ∂Si which presents the cut of the surfaces Si and Sj, or an empty set if the surfaces Si and Sj do not have
joint points. Obviously, the curves cij and cji have the same traces and opposite orientation.
Following the notation introduced, it will be valid that
∂S =
n
j=1
∂Sj \
n
i,j=1 i≠j
cij. (3.5)
Let z = z(u, v) = (ξ(u, v), η(u, v), ζ (u, v)) be an infinitesimal bending field of the surface S. The field z must be
continuous on the whole surface, including the borders of smooth parts cij, i.e.
z(i)(σ ) = z(j)(σ ), i, j = 1, . . . , n,
where z(i) = (ξ (i), η(i), ζ (i)) is the field z on the part Si.
According to (2.4), for each j = 1, . . . , n the following equations will be valid:
ξ (j)u = −f (j)u ζ (j)u
ξ (j)v + η(j)u = −f (j)v ζ (j)u − f (j)u ζ (j)v
η(j)v = −f (j)v ζ (j)v .
(3.6)
By differentiation of these equations with respect to u and v we get
ξ (j)uu = −f (j)uu ζ (j)u − f (j)u ζ (j)uu
ξ (j)uv = −f (j)uv ζ (j)u − f (j)u ζ (j)uv
ξ (j)vv = −f (j)vv ζ (j)u − f (j)u ζ (j)vv
η(j)uu = −f (j)uu ζ (j)v − f (j)v ζ (j)uu
η(j)uv = −f (j)uv ζ (j)v − f (j)v ζ (j)uv
η(j)vv = −f (j)vv ζ (j)v − f (j)v ζ (j)vv
(3.7)
By applying these equations, and also the definition of the variation of the total mean curvature (1.1), we get
δH(Sj) = 12
∫∫
Dj
[(1+ f (j)2v )ζ (j)uu − 2f (j)u f (j)v ζ (j)uv + (1+ f (j)2u )ζ (j)vv ] du dv. (3.8)
Direct calculation and solving of the system (2.5) lead to the field y(u, v) on the part Sj in the form
y(j)(u, v) = (ζ (j)v ,−ζ (j)u , η(j)u + f (j)u ζ (j)v ) (3.9)
and ∫
∂Sj
y(j) · dr =
∫
∂Dj
((1+ f (j)2u )ζ (j)v + f (j)u η(j)u )du+ (−ζ (j)u + f (j)v η(j)u + f (j)u f (j)v ζ (j)v )dv. (3.10)
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According to (3.5) and (3.10) we have∫
∂S
y · dr =
∫
n
j=1
∂Sj\
n
i,j=1 i≠j
cij
y · dr
=
∫
n
j=1
∂Sj
y · dr−
∫
n
i,j=1 i≠j
cij
y · dr
=
n−
j=1
∫
∂Sj
y · dr−
n−
i,j=1,i<j
∫
cij
y(i) · dr+
∫
cji
y(j) · dr

=
n−
j=1
∫∫
Dj
((1+ f (j)2u )ζ (j)v + f (j)u η(j)u )du+ (−ζ (j)u + f (j)v η(j)u
+ f (j)u f (j)v ζ (j)v )dv −
n−
i,j=1,i≠j
∫
cij
y · dr
By applying Green’s theorem [13] we get∫
∂S
y · dr =
n−
j=1
∫∫
Dj
[−(1+ f (j)2v )ζ (j)uu + 2f (j)u f (j)v ζ (j)uv − (1+ f (j)2u )ζ (j)vv ] du dv −
n−
i,j=1,i≠j
∫
cij
y · dr
= −
n−
j=1
∫∫
Dj
2δH(u, v) du dv −
n−
i,j=1,i≠j
∫
cij
y · dr
= −2
∫∫
D
δH(u, v) du dv −
n−
i,j=1,i≠j
∫
cij
y · dr
= −2δH(S)−
n−
i,j=1,i≠j
∫
cij
y · dr.
Therefore:
Theorem 3.1. For each compact piecewise smooth oriented surface S in R3 and infinitesimal bending field z, the variation of the
total mean curvature of the surface S equals the sum of the line integrals of the rotation field y, i.e.
δH(S) = −1
2
∫
∂S
y · dr+
n−
i,j=1,i≠j
∫
cij
y · dr

. (3.11)
Corollary 3.1. For every compact oriented boundary-free piecewise smooth surface S in R3 and any of its infinitesimal bendings,
the variation of the total mean curvature of S is
δH(S) = −1
2
n−
i,j=1,i≠j
∫
cij
y · dr.  (3.12)
We can see that the variation of the total mean curvature of a piecewise smooth surface without a boundary is not zero
in the general case. As

cij
y · dr = − cji y · dr in the case of a smooth surface, we get:
Corollary 3.2. Every flexible compact oriented boundary-free smooth surface in R3 preserves its total mean curvature during the
infinitesimal bending. 
Acknowledgment
The first author was supported by Project 174012, Ministry of Education and Science of Serbia.
L.S. Velimirović, M.S. Ćirić / Applied Mathematics Letters 24 (2011) 1515–1519 1519
References
[1] F.J. Algren, I. Rivin, The mean curvature integral is invariant under bending, Geom. Topol. Monogr. 1 (1998) 1–21.
[2] J.M. Schlenker, R. Souam, Higher Schlafli formulas and applications, Compos. Math. 135 (2003) 1–24.
[3] V.A. Alexandrov, On the total mean curvature of non-rigid surfaces, Sibirsk. Mat. Zh. 50 (5) (2009) 963–996.
[4] I. Hinterleitner, J. Mikesh, Ya. Stranska, Infinitesimal F-planar transformations, Russian Math. (Izv. VUZ) 52 (4) (2008) 13–18 Transl. from Izv. Vyssh.
Uchebn. Zaved. Mat., no. 4, (2008) 16–21.
[5] N. Efimov, Kachestvennye voprosy teorii deformacii poverhnostei, UMN 3.2, 1948, pp. 47–158.
[6] I. Ivanova-Karatopraklieva, I. Sabitov, Bending of surfaces II, J. Math. Sci. (NY) 74 (3) (1995) 997–1043.
[7] I. Vekua, Obobschennye analiticheskie funkcii, Moskva, 1959.
[8] Lj. Velimirović, Infinitesimal bending, in: Faculty of Science and Mathematics, Nis, ISBN: 86-83481-42-5, 2009.
[9] A. Gray, Modern Differential Geometry of Curves and Surfaces with Mathematica, 2nd ed., CRC Press, 1998.
[10] W. Klingenberg, A Course in Differential Geometry, Springer-Verlag, New York, 1978, MR0474045, ZbI 0366,53001.
[11] Lj. Velimirović, Change of geometric magnitudes under infinitesimal bending, Facta Univ. 3 (11) (2001) 135–148.
[12] Lj. Velimirović, M. Ćirić, M. Cvetković, Change of the Willmore energy under infinitesimal bending of membranes, Comput. Math. Appl. 59 (2010)
3679–3686.
[13] T.M. Apostol, Mathematical Analysis, 2nd ed., Addison-Wesley Publ. Co., London, 1974.
